In this article, a systematic numerical study is described of the effect of the polydispersity of suspensions of spherical particles on their dielectric behavior, in both the frequency and time domains, starting from the model proposed by DeLacey and White (J. Chem. Soc., Faraday Trans. 2 77, 2007 (1981)) for monodisperse suspensions. The distribution function of relaxation times, characterizing the dielectric response of the systems, is also calculated. It is found that in both the frequency and time domains the predicted behavior does not differ in any essential way from the one obtained for a monodisperse suspension with particle radius close to the volume-averaged mean radius of the polydisperse system. Hence, no arguments related to polydispersity seem to be useful for explaining the discrepancies frequently found between measured and calculated dielectric increments in suspensions, namely, those concerning the magnitude of the dielectric constant of the suspension (its low-frequency value), the value of the characteristic or relaxation frequency, or the overall shape of the relaxation pattern.
INTRODUCTION
Many authors agree that the dielectric response of dilute colloidal dispersions in variable electric fields can be very useful for the characterization of the electrical properties of the solid-liquid interface. Dukhin and Shilov (1) were the first authors that proposed a rigorous theoretical treatment of the mechanisms of double-layer polarization leading to the observed dielectric behavior of suspensions (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) . Other authors (13) (14) (15) (16) (17) have elaborated the problem using different mathematical approximations, but based on essentially the same physical mechanisms responsible for electric double-layer polarization. DeLacey and White (18) developed a theory and a numerical procedure to relate the dielectric behavior of suspensions of spherical particles to the electric potential and ionic distribution in the electric double layer surrounding the particles (19) . Unlike previous models, the theory of DeLacey and White does not have restrictions as to the values of surface potential, electrolyte concentration, or particle radius in the suspension. The only assumption of the model is that the dielectric enhancement and relaxation in suspensions is due to the polarization of the diffuse region of the ionic atmosphere, whereas the inner part of the Stern layer should not contribute to the overall polarization because of the strong interaction between the solid surface and ions in that region. Furthermore, the study is devoted to suspensions of monodisperse spherical particles.
Recently, some attempts have been made to extend this or related theories in order to incorporate the contribution of the tangential motions of Stern-layer ions to the particle's induced dipole moment (8, 20 -23) . These "dynamic Stern layer" (DSL) models have been able to improve the quantitative agreement between experimental observations and predictions of dielectric quantities, although some differences still persist between the characteristic relaxation frequencies experimentally encountered and those obtained from the theory. Actually, the whole relaxation pattern predicted by DSL models is very similar to that based on the so-called standard electrokinetic models (like DeLacey and White's), except for an increase in the low-frequency values of the suspension dielectric constant.
As in many other physical situations, the foregoing frequency domain analysis can be substituted by the analysis of the response of the suspension in the time domain: a step electric field is applied to the suspension, and the transient current is recorded as a function of time. Very few data on the time-domain characterization of colloidal suspensions have been reported in the literature.
Although the consequences derived from DeLacey and White's model and other models for the explanation of the behavior of different dielectric quantities have been explored in recent years (24 -27) , a study could be interesting, in our opinion, concerning the effect of the polydispersity of the system on its dielectric constant or ac conductivity. This study could be useful both to predict what one could expect of any dielectric quantity and to explain experimental data in practical suspensions, always polydisperse to some extent. Although most studies on the dielectric relaxation of colloidal disper-sions deal with monodisperse spheres, this is not always the case when these techniques are applied to practical situations, where the dielectric analysis can help in the characterization of the solid-liquid interface, but there is no chance to achieve monodispersity due to the intrinsic properties of the dispersed materials. In particular, dielectric measurements have been demonstrated to be useful for noninvasive monitoring of the growth of biological cells in suitable cultures (28) or for gaining information about the internal electric fields generated after exposing an organism to the action of nonionizing electromagnetic radiation (29) . Not all applications pertain to the field of biophysics or biotechnology: dielectric measurements have demonstrated their utility in the pharmaceutical industry (allowing, for instance, detection of the amount of drug incorporated in a liposome vehicle (30) ) or in the industrial technology for the characterization of electrorheological fluids that can be used in the design of clutches or dampers (31) . In most of these fields, while dielectric techniques are useful, monodispersity is difficult (if not impossible) to achieve. Kijlstra et al. (32) faced the problem of the dielectric relaxation pattern of nonmonodisperse suspensions in an attempt to find an explanation for the discrepancies between their experimental results and theoretical predictions; in their study, they used a 1:1 mixture of 0.25-and 1-m particles.
In this work, we present our calculations of (i) the dielectric constant as a function of frequency, (ii) the time-domain response, and (iii) the distribution of relaxation times for a dilute polydisperse suspension of spherical particles (based on the numerical solution of DeLacey and White's theory elaborated for dilute monodisperse suspensions). We conclude that the relaxation pattern shows the general basic characteristics of that corresponding to monodisperse suspensions in which all spheres have a radius close to the mean value of the distribution.
NOTATION USED AND BASIC CONCEPTS
The complex conductivity K*() of a dilute colloidal suspension is, to a good approximation, linear in the volume fraction of solids, ;
where K* s () is the complex conductivity of the electrolyte solution,
and ⌬K*(), the conductivity increment, represents the effect of the particles on the overall conductivity of the system. In Eq.
[2] K ϱ is the (dc) conductivity of the dispersion medium, ⑀ rs is its dielectric constant, and ⑀ 0 is the permittivity of vacuum.
The suspension conductivity is related to its complex dielectric constant, ⑀* r , through the usual relation: [3] where K dc is the direct current conductivity of the suspension. In terms of the real and imaginary parts of ⑀* r (⑀* r ϭ ⑀Ј r Ϫ i⑀Љ r ), Eq. [3] can be written
Like K*(), both K dc and ⑀* r are assumed to be linear in :
where, again, incremental quantities represent the effect of the particles on the overall behavior. From Eqs. [1] [2] [3] [4] [5] [6] [7] Re͑⌬K*͑͒͒ ϭ
It is possible to describe the dielectric relaxation of the suspension by means of a distribution of relaxation times. A distribution function g() is introduced so that (26)
As previously mentioned, an alternative, but equivalent, method of study can be used in the time domain. The quantity of interest now is the absorption current, J ជ a (t), the main contribution to the total current, at short times after applying a step electric field, E ជ (t) ϭ E ជ 0 ⌫(t) (⌫(t) is the step function: ⌫(t) ϭ 0 for t Ͻ 0, and ⌫(t) ϭ 1 for t Ն 0). As before, the phenomenon is linear in : J ជ a ͑t͒ ϭ ⌬J ជ a ͑t͒ [11] and the connection with dielectric increments comes from (33) (34) (35) ⌬J ជ a ͑t͒ ϭ ͓⌬⑀Ј r ͑0͒ Ϫ ⌬⑀Ј r ͑ϱ͔͒⑀ 0 ⌽͑t͒E ជ ͑t͒.
[12]
⌽(t) is known as the dielectric response function and contains all the information relevant to the mechanisms responsible for the relaxation observed in the suspension:
A previous study on this function has been given in ref 27 .
RESULTS AND DISCUSSION (A) Dielectric Quantities in Polydisperse Suspensions
Let us assume that a colloidal suspension contains n i (i ϭ 1 . . . N) particles of radius a i per unit volume; the fraction of particles i (in number) will be denoted f(a i ):
where i is the volume fraction of type i particles and
, and the total volume fraction of solids will be
[15]
If, as before, we maintain the assumption that the suspension is dilute enough and call ⌬K* i the conductivity increment associated with spheres of radius a i , Eq. [1] will read
[16]
From this, and taking [15] into account, any function of the frequency F() (this includes ⌬K eff (), ⌬⑀Ј r (), and ⌬⑀ Љ r ()) will be expressed as
where F i () stands for the contribution of the particles of radius a i . Similarly, the overall distribution function of relaxation times can be written
In the case of quantities in the time domain, the absorption current increment, ⌬J ជ a (t), will be calculated as follows as a function of the individual contributions ⌬J ជ ai (t):
. [19] Note that the summations can be easily transformed into integrals in the case of continuous particle radius distributions. For instance, Eq. [17] changes to
In the computation of dielectric quantities, attention must be paid to the potential of the particles. In the case of a mixture of sizes, the question arises whether is the same for all kinds of particles or not. Assuming that all particles are of identical composition, a reasonable assumption is that their surface charge density is the same, independent of particle size. However, in the standard electrokinetic model that we will use, the structure of the double layer behind the slipping plane is ignored, and the interface is described with respect to an "electrokinetic unit," including the solid particle itself and the layer of solvent and ions stationary with respect to the particle. Our basic assumption is that the particle radius, a, is in fact the radius of that electrokinetic unit, and the potential at a distance a from the center of the spherical particle is the potential. The surface charge density at this plane is in fact the electrokinetic charge density, but we will simply call it "surface charge density" and denote it by 0 . Like the charge density on the solid surface, this charge will be equal for fixed electrolyte concentration, no matter the particle radius. To ensure electroneutrality, 0 will be compensated for by the ion cloud in the diffuse double layer, and the following equality will hold: 0 ϭ Ϫ d , where d is the diffuse layer charge. A Gouy-Chapman picture of the double layer is used from the plane where the potential is , and the surface charge density is 0 to the bulk electrolyte solution.
Since the relationship between 0 and the potential is (36)
and we assume that (a) ϭ , then by solving the PoissonBoltzmanns' equation for a sphere without applied field, i.e., [22] where n j ϱ is the number concentration of type j ions in the solution far from the particles, z j is their valence, and N s is the total number of ionic species (in our case N s ϭ 2), it is possible to obtain d and check if the hypothesis that constant d implies constant for all the particles is plausible. Figure 1 shows that this is in fact the case for a 10 Ϫ1 M KCl solution as dispersion medium. As observed, for fixed 0 , is practically constant and independent of particle radius for the whole range studied. Hence, the rest of this study will be carried out under the assumption that all particles have ϭ 100 mV, whatever their size.
A highly polydisperse suspension with the distribution function f(a) shown in Fig. 2 will be used for analysis; the continuous function (physically more realistic) will be approximated by the discrete steps indicated: the suspension is assumed to be composed of 0.5% 10-nm particles, 0.8% 20-nm particles, and so on up to 0.5% 250-nm spheres. Figure 3 shows the conductivity increment ⌬K eff as a function of frequency. The different curves correspond to the values expected if all the particles would have the sizes indicated, whereas the curve labeled "f(a)" is the one obtained from the size distribution of Fig. 2 . As observed, the dielectric loss contribution (⑀ 0 ⌬⑀Љ r ) to the conductivity increment is most significant at high frequencies, mostly for small particle sizes. Also, the low-frequency plateau (representing the contribution of the particles to the dc conductivity) is larger the 
(B) The Frequency Domain

FIG. 3.
Effective conductivity increment of monodisperse suspensions with particle radii between 10 and 250 nm (step 10 nm) and of the polydisperse suspension in Fig. 2 (thick line, labeled f(a) ) as a function of frequency for ϭ 100 mV and 10 Ϫ1 M KCl.
smaller the radius: the system becomes a better conductor, since small particles provoke a smaller curvature of the ionic trajectories. The fact that dielectric quantities are weighted by the volume of the particle explains that the polydisperse system shows a ⌬K eff -trend very close to that of the largest particles: the f(a) curve in Fig. 3 is close to that for a ϭ 160 nm; in fact, the number-average radius is ϳ130 nm, whereas the volume average would be ϳ146 nm. Otherwise, no significant deviation is observed in the general trend of variation of ⌬K eff with for a polydisperse system with respect to that of a monodisperse one with volume-averaged particle size. Similar conclusions can be reached concerning the real part of the dielectric increment, plotted in Fig. 4 . The important increase in ⌬⑀Ј r with increase in particle radius reflects the larger dipole moment induced by the external field in larger particles. Furthermore, the shorter path that ions must follow around smaller particles favors a decrease in the time needed to establish that dipole moment and hence a shorter relaxation time or larger relaxation frequency, rel . The decrease in rel with increasing a can be even more clearly observed in Fig. 5 , where the imaginary part, ⌬⑀Љ r , of the dielectric increment is plotted as a function of : the maxima in these curves correspond to rel . Let us note, in passing, that the theoretical values of rel are systematically higher than those found experimentally, both when standard and dynamic Stern layer models are used (4, 5, 20, 21, 24); this discrepancy is still an open question, and only recently some attempts have been made to solve it based on the role of admixture, strongly adsorbable ions (such as H ϩ or OH Ϫ , see ref 37). Considering again Figs. 4 and 5, note how the overall behavior of ⌬⑀* r is governed by that of the volume-average particle radius; interestingly, essentially a single relaxation is observed, despite the fact that each group of particles should have its own relaxation frequency, approximately given by rel ϳ (a ϩ Ϫ1 ) Ϫ2 , where Ϫ1 is the so-called Debye length and measures the typical double-layer thickness of the particles. When both ⌬⑀Ј r and ⌬⑀Љ r are plotted against each other, the Cole-Cole plot of Fig. 6 is obtained. It is remarkable that, whatever the particle size, the angle between the tangent to the curve and the real axis tends to Ϫ/4 when 3 0 and to /2 when 3 ϱ. As before, this behavior is not observed experimentally, since in this case the plot is symmetrical with respect to the maximum (9, 11) . The fact that the behavior of the polydisperse system at low and high frequencies is essentially parallel to any of the size components breaks down any possibility of explaining the discrepancy between theory and experiment on the basis of polydispersity. This could have been anticipated, since using the fact that, for any particle size, it can be shown that, for the polydisperse system,
[ 24] In fact, using Eq. [17] ,
N C j ͑͒ , [25] with
Moreover, from [25] and [26] , Eq. [24] follows immediately, since C i 3 0 for 3 0, or 3 ϱ, and Eq.
[23] holds for any particle type.
(C) The Distribution of Relaxation Times
Since the distribution function of relaxation times, g(), contains information about the characteristic times of the polarization processes induced in the double layer, a significant effect is to be expected of polydispersity on the function g(), since particle diameter is determinant in most double-layer polarization mechanisms. To prove this, g() was calculated for the same size ranges and also for the polydisperse system. The results are shown in Fig. 7 ; g() shows maxima for larger values the larger the particle size, as expected from the frequency shifts observed in the dielectric increment (Figs. 4 -6) . Note also that, whatever the conditions, g() is not symmetric with respect to its maximum. This is also in contradiction with experimental data, mostly characterized by a symmetrical behavior, according to the empirical Cole-Cole model (34). This applies also to the polydisperse system, in which the overall g() behavior is almost identical to that corresponding to a monodisperse suspension with a ϳ 160-170 nm, although the maximum is slightly shifted toward lower values.
(D) Time Domain Analysis
The variation with time of the absorption current increment, ⌬J ជ a (t), for different particle sizes and for the mixture   FIG. 6 . Imaginary part of the dielectric increment of the suspensions for the same conditions as in Fig. 3 plotted as a function of the real part.   FIG. 7 . Distribution function of relaxation times for monodisperse suspensions and for the polydisperse system in Fig. 3 . of particles is shown in Fig. 8 . As the dipole moments induced in the double layers of the particles are formed by diffusion and electromigration fluxes, the absorption current decreases with time; the decrease is faster the smaller the particle size, since ions need a shorter time to reach a dipolar distribution. Note that, at short times, ⌬J ជ a is extremely sensitive to particle size (it increases by two orders of magnitude when the size decreases from 250 to 10 nm) whereas at larger times this trend is reversed, and large particles are still increasing polarization whereas small ones have already achieved their maximum dipole moment. For longer times the transient absorption current will tend to zero, and only the conduction current remains: J ជ c ϭ (K ϱ ϩ ⌬K)E ជ 0 ⌫(t). Moreover, as before, the effect of particles on the transient current is weighted by their volume.
CONCLUSIONS
The role that both the standard electrokinetic model and its successive improvements assign to the size of the dispersed particles is justified by the essential influence that the latter has on the dielectric response of suspensions. We have shown that the existence of polydispersity does not modify significantly the "dielectric fingerprint" of suspensions, and the differences between theory and experiment are still found: the low-frequency dielectric enhancements theoretically predicted underestimate the measured ones, the ColeCole plot symmetry found in the latter is not explained by the models, and so on. In our opinion, attention must also be paid to the possible existence of residual interactions between particles in suspensions traditionally considered as dilute (38) . Furthermore, in studies carried out on systems in which interactions are not supposed to be absent, dielectric responses are found that are compatible with those measured in suspensions (35) . The elaboration of theoretical models for colloidal dispersions in which particle-particle interactions are admitted would be an important advance in the field. For the time being, the experimental study of the behavior of low volume fraction systems is increasing the database of dielectric responses waiting for a full explanation.
